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Abstract
This research explores the intricate dynamics of malaria transmission using numerical simulations and mathematical models, aiming to elucidate the multifaceted impacts of crucial parameters, particularly treatment rates, on the trajectory of disease spread and the efficacy of control measures. Employing an enhanced model that captures the complexities of malaria transmission, including various compartments representing different stages of infection and treatment, we embark on a comprehensive analysis. Through careful analysis, we offer significant insights into the characteristics of the Endemic Equilibrium Point (EEP) and the Disease-Free Equilibrium (DFE). We find that when , the DFE exhibits local asymptotic stability, signifying effective containment of malaria transmission within the population. In contrast, the EEP exhibits long-term stability, indicating a persistent state of malaria existence that necessitates sustained control efforts. Furthermore, within a 24-hour and post-24-hour timeframe, this research examines simulations and mathematical frameworks to study malaria dynamics. Higher treatment rates lead to a pronounced decline in the population of malaria-infectious individuals, underscoring the pivotal role of swift and comprehensive treatment strategies in mitigating disease spread. These findings offer invaluable guidance for policymakers and healthcare practitioners engaged in the global fight against malaria. By leveraging the insights gleaned from mathematical modeling and numerical simulations, we can chart a course towards more effective and sustainable malaria eradication and control efforts. Through continued research and targeted interventions, we aspire to realize a future where malaria burden is significantly reduced, and global health outcomes are vastly improved.
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1. Introduction 
Malaria is a potentially fatal disease caused by plasmodium parasites, which people get from the bites of Anopheles mosquitoes carrying the infection. It has plagued humanity for millennia and remains a significant worldwide public health issue, especially throughout tropical and subtropical regions [1, 2]. According to WHO's latest World Malaria Report, there were an estimated 263 million cases and 597,000 malaria deaths worldwide in 2023, marking an increase of approximately 11 million cases compared to 2022, while the number of deaths remained nearly the same [3]. The WHO African Region continues to bear a disproportionately high share of the global malaria burden, accounting for 94% of all malaria cases and 95% of malaria deaths in 2023. Notably, children under five years of age represented about 76% of all malaria deaths in this region. The report also highlights that since 2000, an estimated 2.2 billion malaria cases and 12.7 million deaths have been averted globally. Despite significant advances research and works in understanding its cause and transmission, malaria continues to pose a formidable threat to global health [4, 5].
Malaria symptoms usually appear ten to fifteen days after an infected mosquito bite. Fever, chills, sweats, exhaustion, headache, nausea, and muscular pains are typical symptoms. If treatment is delayed, serious cases of malaria can lead to consequences like organ failure, cerebral malaria, and even demise [6, 7].
Effective treatment of malaria relies on early diagnosis and appropriate medication. A number of variables, like the types of plasmodium that caused the infection, human age, and the severity of disease, and medical background, influence the choice of treatment. As of right now, the World Health Organization (WHO) suggests artemisinin-based combination treatments (ACTs) as the most effective antimalarial drugs [8, 9].
Malaria remains a severe public health issue in Ethiopia, particularly in regions with a high mosquito population and limited access to medical treatments. According to the Ethiopian Public Health Institute, malaria is the primary cause of hospital admissions and outpatient visits nationwide [10-12]. Ethiopia has achieved significant strides in the fight against malaria over the years using a variety of strategies, including indoor residual spraying, bed nets coated with insecticides, and community-based instruction initiatives. Despite various measures, malaria continues to be a serious cause of illness and death in the country, particularly among pregnant women and children under five years [13, 14].
In recent years, there has been a resurgence of malaria cases in some parts of Ethiopia, partly due to factors such as climate change, insecticide resistance, and population movements. The government, in collaboration with international partners and organizations, continues to implement strategies to control and eliminate malaria, with a focus on strengthening healthcare systems, increasing community awareness, and expanding access to diagnostic resources and treatment [15, 16].
There are several works that has been conducted on malaria model such as the one conducted by [17], which presents mathematical model that captures the proliferation of disease in human and vector. In the work, both host and mosquito populations follow logistic growth models, considering birth rates, death rates, and carrying capacities. Another work forwarded by [18] focus on modeling malaria transmission dynamics but differ in approach and seeks to optimize malaria interventions across regions and time to reduce infections. They uses an expanded SIR- model and finds that optimal interventions vary by planning horizon, cost, and climate. In contrast, we have developed this work in a senses of SIR model with treatment classes based on treatment timing. This model introduces detailed compartments for treatment within 24 hours and after 24 hours, considering different relapse rates. It provides insights into how treatment timing impacts disease dynamics, adding a layer of complexity to understanding malaria transmission.
This work stands out due to its unique inclusion of treatment timing in the extended SIR model. Unlike traditional approaches, this model introduces specific treatment classes, which represent treatments within and after 24 hours of symptom onset, respectively. This granularity enables a deeper understanding of how treatment timing influences disease dynamics. Additionally, this model incorporates relapse rates for individuals treated after 24 hours, capturing the complexities of treatment outcomes and their subsequent impact on malaria transmission. Moreover, by using an expanded SIR model, this work aims to examine how treatment timing affects malaria dynamics.  This model introduces two treatment compartments: one for individuals seeking treatment within 24 hours of symptom onset, which is associated with reduced relapse rates, and another for those treated after 24 hours, where higher relapse rates are observed. By incorporating these distinct treatment classes and their respective relapse dynamics, the study seeks to offer a more thorough comprehension of how treatment timing affects disease transmission and outcomes. Additionally, the model seeks to offer valuable insights to inform evidence-based strategies for optimizing malaria control and intervention efforts.
2. The modified model formulation
Here, we provide an enhanced model of malaria spread by extending the standard SIR scheme in human population by adding a new compartment called  and , called the compartment of human treatment class within 24 hours (infected humans undergoing treatment within 24 hours after malaria symptoms first appear) and human treatment class after 24 hours (infected humans undergoing treatment after 24 hours of malaria symptoms first appear), respectively.  Here we assumed that humans undergoing treatment after 24 hours of malaria symptoms first appear will relapse at rate, where their immune system decrease.
The total host population during malaria disease, represented by , can be categorized into five epidemiological categories: Susceptible, , Infectious, , Treatment class within 24 hours, , Treatment class after 24 hours, , and Recovered class, . Thus, at any time , the total human population given as:
                        .
Similarly, vector populations are categorized as: the susceptible mosquitoes,  and the infected mosquitoes, . So, the total vector population denoted by, at any time  given as:
                                 .
Individuals enter the susceptible,  via natural birth rate , by loss of immunity recovered humans at a rate , or infected after a bite from an infected vector and the sporozoites are transferred on to them. Transmission rate of infections in susceptible host is given by a constant, . An infectious human  who get treatment within 24 hours will goes to the treatment class  at a rate,  and an infectious human who get treatment after 24 hours will goes to the treatment class  at a rate, . An individual in treatment class  (24 hours after malaria symptoms first appear) get treatment completely and will goes to the recovered at a rate, . An individual in treatment class  (after 24 hours of malaria symptoms first appear) can goes to the recovered at rate, ; and those who delays in visiting health centers within 24 hours of malaria symptoms first appear will returns to their infectious class , by the relapse rate .  For a while, the individual who has recovered has some immunity to the illness, but eventually loses it and becomes susceptible again at a rate . All human population class decreased through a natural death (at a constant rate ).
Similarly, when a human or infected host is bitten by a susceptible vector in treatment class , the parasite enters the vector, and the vector transferred from susceptible vector to the infected vector by the rate  and , respectively, and ,  is the birth and death rate of vectors, respectively.
2.1 Assumptions
The following assumptions guide the model's development:
i. Malaria begins to develop when a human host is bitten by an infected female Anopheles mosquito
ii. All vector population metrics are based on female mosquito densities 
iii. There is no vertical transmission, and both human and mosquito newborns are prone to disease.
iv.  Only the infectious human class,  and human in treatment class,  can transmit malaria.


Based on the assumptions, we construct the following flow chart:
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Fig 1. Transfer diagram of malaria transmission dynamics
The transition between classes is shown by the solid arrows, while the dashed arrows show the infection's trajectory. Taking into account the above presumptions and flowchart, we get the following mathematical model:
 
With an initial conditions, (). The forces of infections are given by
                            
Table 1. The state variable descriptions of the model
	Variables
	Descriptions

	
	Susceptible humans

	
	Infected humans

	
	Infected humans undergoing treatment within 24 hours

	
	Infected humans undergoing treatment after 24 hours

	
	Recovered humans 

	
	Susceptible mosquitoes

	
	Infected mosquitoes


Table 2. Parameters description of the model with their values
	Parameters
	Descriptions
	Units
	Values
	References

	
	Natural birth rate of humans
	
	0.015
	[19]

	
	Natural birth rate of mosquitoes
	
	0.089
	[19]

	
	Humans natural death rate
	
	0.068
	[20]

	
	Mosquitoes natural death rate
	
	0.077
	[20]

	
	Mosquito bite rate per capita
	
	0.33
	[20]

	
	Probability of transmission of infection from  to , transmission rate in vectors
	-
	0.73
	[21]

	
	Probability of transmission of infection from  to , transmission rate in vectors
	-
	0.64
	[21]

	
	Probability of transmission of infection from  to , transmission rate in hosts
	-
	0.03
	[21]

	
	Disease-induced death rate
	
	0.029
	[19]

	
	Disease-induced death rate of  class
	
	0.02
	Assumed

	
	From infectious human class to human treatment class within 24 hours, treatment rate
	
	
 [0, 1]
	

	
	From infectious human class to human treatment class after 24 hours, treatment rate
	
	 0.78

	Assumed

	
	 From humans recovered class to a susceptible humans class, immunity loss
	
	0.86
	[22, 23] 

	
	From humans treatment class within 24 hours to a recovered human class, recovery rate
	
	
0.75
	Assumed


	
	From humans treatment class after 24 hours to a recovered human class, recovery rate
	
	
0.06
	
Assumed

	
	From humans treatment class after 24 hours to an infectious human class, relapse rate
	
	
0.67
	[21]



3. Mathematical analysis 
3.1 Positivity 
In order for system  to be considered biologically and epidemiologically valid, the model's solution must always be positive at all time . 
Lemma 1. If,, then the solution of model  are all non-negative for all time .
Proof: Equation one of model  can be rewritten to obtain the following equation,
 
This is a first order linear ODE of the form 
Where 
Now, the integrating factor , where  is the anti-derivative of .
After some simplification and integrating both sides, we have
            
Since and the exponential function is always positive as well, hence the solution
In similar way, , are positive for all time . Therefore, we conclude that all solutions of model  remain positive  and the solution of the system is non-negative.
3.2 Boundedness of solutions
Lemma 2. The feasible region  defined by  
             ,
              ,
With initial condition, is positively invariant for system  in x.
Proof: We have  and . Now, to show the boundedness of total human population,  can be obtained as    
 
After some simplification and integrating both sides, we get
                                                                             
Now, taking the  as , gives   .
                                                                                                                      
Similarly, the boundedness of the total mosquitoes population is given as
                                   
Now, taking the  as , gives .
                                                                                                                     
In particular,  if the total host population at the initial instant of time,  and , if . Consequently, for model, the area is positively-invariant. 
Lemma 3. In system  if the initial conditions, ,then for all  the solutions  exists in .
Proof: Model  can be represented as:
                                                
Where,  with the corresponding initial condition  and  is the vector valued function representing the hand right side of the system  which is
 
Since a function  in model  has a continuous first derivative in  and ,  and ,  is well defined at . Further,  in , hence it is continuously differentiable and locally Lipschitz on , where  is an open subset, thus for any , , has a unique solution  on some or maximum interval of existence , where  depends on initial condition. Consequently, according to the widely recognized fundamental existence and uniqueness theorem [24], lemma 1 and 2 above, there exists a unique, positive, and bounded solution for the system of the differential equation  in .
3.3 Disease-free equilibrium (DFE), 
Solutions that are steady-state without disease are known as disease-free equilibrium points. We define the diseased classes as the host or vector populations that are either infected, treated or recovered, that are, , , ,  and . DFE of the system, is by setting. Further at the disease-free equilibrium points there are neither infectious, treated nor recovered people and infected mosquito, that is, , , ,  and . By substituting these in equations, we get:
.
3.4 Basic reproduction number, 
The average number of secondary infections that one infected individual in a community that is completely susceptible can cause is known as the basic reproduction number [25, 26]. To obtain the basic reproduction number,  for model (1), we employ the next-generation matrix approach outlined in [27, 28]. The model can be rewritten as:
               
where,   and 
Determining the derivatives of  and  at , gives, respectively, 
 and

 
 
Thus,  of the model is given as
            
3.5 Local stability of disease-free equilibrium
Theorem 1: The DFE of the system in  is locally asymptotically stable (LAS) if the reproduction number  and is unstable if.
Proof: 
The Jacobian matrix of the system with respect to  at the DFE is given as
 

Where, , , , , , , 
Whose eigenvalues are  ,  or the other five eigenvalues are the roots of  is given as
 
Next, the solution of corresponding characteristic equation is  , , ,  or 
The remaining eigenvalues are obtained from equation 
 
     
Where, , 
, where  and , where .
The stability criterion of Routh Hurwitz have been utilized for the equation [29-33] and obtained that the Routh-Hurwitz array's first column does not change sign .  Hence, the disease-free equilibrium of the dynamical system is locally asymptotically stable if  and unstable if . 
Biologically, the local stability of the disease-free equilibrium (DFE) means that if a small number of infected individuals are introduced, the infection will eventually die out, returning the system to a disease-free state. This typically occurs when the basic reproduction number is less than 1.
3.6 Endemic equilibrium point (EEP) and its stability
EEP is steady state solution where malaria endures in the population. For the dynamical system  we find an explicit representation of the EEP for all .
Theorem 3. If , then the system  has unique malaria-present equilibrium , where
,  
 
,        , , ,     
Proof: At steady state, let  be the force of infection for humans and  be the force of infection for mosquitoes. Then, by substituting  and  in the  and , respectively, we get the simplified form
 
 
Where  and , where  and , where .
The case , corresponds to the trivial equilibrium. Thus, analyzing the following linear equation for the possibility of equilibria.
             
Therefore, the system have the solution where  and no solution otherwise.
Thus, we have arrived to the following conclusion:
Theorem 4. The equation  admits precisely
i. One endemic equilibrium point if  and .
ii. One endemic equilibrium point if  and . 
iii. No equilibrium point otherwise.
From theorem 4, we can observe that, the existence of one positive root in condition  indicates that the model may display the backward bifurcation phenomena, in which endemic steady states and locally asymptotically stable disease-free states coexist, where . This traditional need to have  is insufficient to eradicate the illness in this epidemiological situation. 
In real-world phenomenon, this implies that reducing the basic reproduction number below 1 alone is not sufficient to eliminate the disease, as other intervention strategies may be required to push the system toward the disease-free state.
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Fig 2. Backward bifurcation Diagram
4. Sensitivity
This section contains the results of our sensitivity analyses on the basic reproduction number,  of the malaria model, examining its sensitivity to various parameters. Our results highlight the critical importance of each parameter in driving the spread of the malaria. Specifically, we have identified the parameter with the highest sensitivity index, indicating its outsized influence on disease propagation compared to others. Moreover, we have performed sensitivity analyses that concentrated on the reproduction number,, as outlined below.
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Table 3. Indexes of sensitivity of  to parameters assessed using the parameter values given in table1
	Parameter
	Sensitivity Index
	Sign
	Parameter
	Sensitivity Index
	Sign

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


Table 3 presents a comprehensive summary of the sensitivity indices for the parameters involved in the presentation of the reproduction number, along with their corresponding signs. This table offers a clear and insightful overview of how each parameter influences the reproduction number, highlighting both the magnitude and direction of their impact. 
[image: C:\Users\Alpha computer\Desktop\Acta Tropica\Sensitivity.emf]
Fig 3. Indexes of sensitivity of the model parameters for 
The sensitivity plot depicted in Fig 3 is derived under the condition of, signifying the presence or prevalence of the disease within the population. The parameter values utilized in this analysis are detailed in Table 2. The indices obtained from Fig. 3 highlight the relative impact of various parameters on the basic reproduction number of the malaria disease. 
Notably, the natural birth rate of hosts, biting rate of mosquitoes, human treatment rate after 24 hours, and human treatment rate within 24 hours emerge as the factors exerting the most significant influence on the dynamics of malaria transmission. These findings underscore the crucial role of these specific parameters in shaping the reproductive potential of the malaria pathogen within the studied population.
5. Numerical Simulation
Here, we embark on a numerical simulation of a malaria model, aiming to corroborate the analytical findings of a system that delves into the dynamics of malaria within populations. Utilizing parameter values sourced from diverse references, our model leverages the ode45 fourth-order Runge-Kutta method in conjunction with MATLAB R2023a. Through this approach, we delve into the intricate interplay of parameters on transmission dynamics and reproduction numbers. Additionally, we delve into the stability assessments of DFE and EEP, while also scrutinizing the impact of parameters on reproduction numbers.
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Fig 4. Local stability of DFE
As illustrated in Fig 4, DFE of the system exhibits local asymptotic stability when . The plot not only portrays the mathematical dynamics but also conveys the importance of biology in the expansion and distribution of malaria with a population that is limited to a specific area.
Additionally, the visualization indicates the natural progression where the susceptible individuals proliferate, contributing to the overall population, while the infected classes diminish. This observation provides valuable insights into the cyclical nature of malaria transmission dynamics within a confined population setting.
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Fig 5. Local stability of EEP
In Fig. 5, we employed numerical simulations to assess the steady state's stability in the context of the malaria dynamical system. The outcome of our analysis reveals that, over the course of a year, the solutions of the system will progressively converge towards the endemic equilibrium point defined by the model. This suggests a long-term pattern wherein the malaria dynamics settle into a persistent state, emphasizing the endurance and equilibrium characteristics of the infection within the studied population.
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Fig 6. Effect of treatment within 24 hours on infected human
In Fig. 6, the effects of a higher treatment rate  within a 24-hour period on decreasing the number of malaria infectious individuals is examined. The visualization demonstrates that as the values of  increase, there is a noticeable decline in the malaria infectious population. This implies that a strategic focus on maximizing the treatment rate  is crucial for effective malaria disease control within the community. Hence, public policymakers should prioritize efforts to enhance the treatment rate, as it proves to be a significant factor in curbing the prevalence of malaria.
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Fig 7. Effect of treatment after 24 hours on infected human
The plot given in Fig. 7 illustrates the effect of the treatment rate on the move from the infectious human class to the human treatment class after a span of 24 hours. Notably, as the treatment rate escalates, there is a discernible decline in the population of the infected class. This observation underscores the efficacy of increased treatment efforts in curbing the spread of infection and mitigating the burden on the affected population. The descending trend underscores the potential of timely and efficient treatment interventions in managing and controlling infectious outbreaks.
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Fig 8. Effect of relapse rate due to delay treatment on infected human population
Fig. 8 illustrates the influence of the relapse rate () on the move from the human treatment class back to the infectious human class within a 24-hour timeframe, specifically examining its impact on the infected population. Noteworthy is the observed trend where an increase in the relapse rate correlates with a rise in the infected class. This relationship underscores the challenge posed by relapses in sustaining infections, potentially complicating treatment efforts and perpetuating the cycle of transmission. Understanding this dynamic is crucial for developing targeted strategies to address relapse rates effectively and reduce the overall burden of infectious diseases.
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Fig 9. Effect of treatment within 24 hours on malaria infected individuals
Fig 9 illustrates the interplay between the  and the treatment rate (), representing the rate at which individual depart from the infectious human class to the treatment class within 24 hours of symptom onset. The graph reveals a critical intersection point at and ​. This point signifies an epidemiological tipping threshold where the spread of infection is balanced by the effectiveness of treatment efforts. At, the rate of new infections equals the rate at which infected individuals are treated, marking a crucial moment for controlling malaria transmission.
To achieve, which indicates a decline in the disease's spread, the treatment rate must exceed 0.28. This insight underscores the importance of initiating treatment promptly within the critical 24-hour window to maximize its impact on reducing malaria transmission. By identifying this threshold, the figure provides a clear framework for public health interventions aimed at controlling malaria outbreaks effectively and efficiently.
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Fig 10. Effect of treatment after 24 hours on malaria infected individuals
Figure 10 demonstrates the relationship between the  and the treatment rate (), corresponding to the transition of infected individuals to the treatment class after 24 hours of symptom onset. The graph identifies a significant intersection at) and ​. This point represents a critical threshold, where the rate of new malaria infections aligns with the rate at which infected individuals receive treatment beyond the initial 24-hour period.
To suppress the disease effectively (), the treatment rate (​) must exceed 0.53. This finding highlights the challenges of delayed treatment and its role in maintaining disease transmission. Despite the higher treatment threshold, timely intervention after 24 hours can still contribute to controlling the disease, provided sufficient resources and strategic planning are in place. The figure offers valuable insights into the dynamics of delayed treatment, supporting evidence-based decision-making for optimizing malaria control strategies.
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Fig 11. Relapse effect due to delay treatment on malaria infected individuals
From Fig. 11, the intersection of the relapse rate () and the reproduction number at 0.27 signifies a critical point in the dynamics of disease transmission and treatment efficacy. At this juncture, the relapse rate aligns with the reproduction number, emphasizing a delicate balance between the rate of relapse from the treatment class to the infectious class and the overall reproductive capacity of the disease. Importantly, this intersection highlights that to achieve a reproduction number below one, careful management of relapse rates is imperative. Strategies aimed at reducing relapse rates below 0.27 can play a crucial role in tipping the scales in favor of disease control and containment. Understanding and leveraging this intersection point is vital for informing targeted interventions aimed at curtailing relapse rates and minimizing the resurgence of infections, thereby safeguarding public health.
6. Discussion 
By employing mathematical modeling and numerical simulations, we have delved into the impacts of various parameters, particularly treatment rates, on the epidemiology of malaria within a population.  The analysis of the local stability of equilibrium points, notably the DFE and EEP, has yielded valuable insights into the efficacy of malaria prevention strategies. Our results reveal that the DFE exhibits local asymptotic stability when the reproduction number is below one, indicating a scenario where malaria transmission is effectively curtailed within the population. Conversely, the EEP demonstrates a sustained state of malaria disease, emphasizing the persistent nature of malaria transmission over time. These observations underscore the cyclical dynamics of malaria and emphasize the necessity of sustained control efforts to prevent resurgence. The numerical simulations carried out in this study have offered profound perceptions of the intricate dynamics of malaria transmission, shedding light on critical aspects that influence disease spread and control strategies. 
Furthermore, our exploration of the impact of treatment rates within a 24-hour period on reducing the number of malaria infectious individuals has revealed a pivotal role for timely intervention in disease control. We have observed that higher treatment rates lead to a significant decline in the malaria infectious population, highlighting the critical importance of maximizing treatment coverage to effectively mitigate disease spread.
In comparison with previous models, this study provides a novel perspective on malaria dynamics by incorporating treatment timing and its associated relapse rates into an extended SIR framework. For instance, the ODE model presented by [17] focuses on endemic equilibrium points and logistic growth for human and mosquito populations but does not address the timing of treatment or its impact on relapse dynamics. Similarly, the expanded SIR model by [18] optimizes malaria interventions across regions and time based on factors such as cost and climate. However, it does not explicitly account for the timing of treatment initiation. Our work addresses this gap by introducing two distinct treatment compartments: one for individuals receiving treatment within 24 hours, associated with reduced relapse rates, and another for those treated after 24 hours, associated with higher relapse rates. This detailed compartmentalization enables a deeper understanding of how early versus delayed treatment influences disease transmission and outcomes. By focusing on treatment timing, our findings offer new insights that complement and extend the conclusions of these prior studies, providing practical implications for optimizing malaria control and intervention strategies.
In practical terms, these findings have significant implications for malaria control and intervention strategies, especially in endemic regions like Ethiopia. The model emphasizes the importance of improving the speed of treatment initiation to reduce the malaria infectious population. Interventions aimed at enhancing access to diagnostic tools and antimalarial drugs, particularly in remote and underserved areas, should be prioritized. Moreover, community-based health education programs that emphasize the importance of seeking treatment the first twenty-four hours after the beginning of symptoms could play a critical role in lessening malaria transmission.
7. Conclusion
This research adds significantly to the understanding of malaria transmission dynamics and underscores the essential role of numerical simulations in validating mathematical models and informing public health strategies. Through our analyses, we have elucidated critical thresholds and control strategies that are instrumental in directing policymakers and health practitioners in the direction of effective malaria eradication and control. Moving forward, continued research and implementation of targeted interventions are imperative for achieving sustained reductions in malaria burden and improving global health outcomes. By leveraging the insights gained from mathematical modeling and numerical simulations, we can advance towards the ultimate goal of malaria elimination, ensuring healthier and more resilient communities worldwide. Moreover, these findings have significant implications for malaria control and intervention strategies, especially in endemic regions like Ethiopia. We present a mathematical framework for malaria control and treatment, focusing on treatment timing and disease control. It emphasizes the importance of immediate treatment within 24 hours to reduce the number of infectious individuals. Delays in treatment can lead to sustained transmission and increased relapse rates. Public health strategies should minimize treatment delays through awareness campaigns and healthcare infrastructure improvements. To maintain the disease-free equilibrium, treatment rates should be above critical thresholds. Relapse rates can significantly contribute to malaria control, and strategies such as prolonged medication adherence and preventive treatments can help lower them. The most influential parameters affecting malaria spread include the biting rate of mosquitoes, treatment rates, vector transmission rates, and reducing mosquito bites. Practical implications for policymakers include prioritizing quick and effective treatment within 24 hours, intensifying vector control interventions, promoting public awareness campaigns, and integrating relapse prevention strategies into malaria control programs. Health systems should prioritize quick and effective treatment within 24 hours, intensify vector control interventions, and integrate relapse prevention strategies into their control programs. 
Overall, the findings from this study provide actionable insights for malaria control programs in regions with a high malaria burden. By focusing on timely treatment initiation and addressing relapse dynamics, public health strategies can be optimized to better manage and reduce the transmission of malaria. These insights not only extend the understanding of malaria dynamics but also offer concrete recommendations for improving public health interventions in endemic regions like Ethiopia.
8. Limitations of the Study
Although this study offers important insights into the effects of treatment timing on malaria dynamics, there are several limitations that should be acknowledged. First, some of the parameter values, such as relapse rates (γ₁) and treatment efficacy (ϵ₁ and ϵ₂), were assumed in the absence of specific empirical data. Although these assumptions are based on general clinical observations and expert judgment, the accuracy of these values could be improved through future studies that provide empirical data for these parameters. Second, the model primarily focuses on the spread of malaria within the context of host and vector populations but does not account for the broader socio-economic, environmental, and behavioral factors that could influence treatment access, healthcare infrastructure, and individual patient compliance, which are essential components of real-world malaria control efforts. Moreover, our study highlights the crucial role of early treatment in reducing malaria transmission and controlling the disease. However, it does not provide specific implementation strategies or a cost-effectiveness analysis of such interventions. Instead, our study focuses on mathematical modeling and numerical simulations to understand how different treatment rates influence disease dynamics. While the findings are valuable for informing policy decisions, additional research is needed to determine practical implementation approaches and assess their economic feasibility. Despite these limitations, the model offers valuable insights into how treatment timing can influence malaria transmission and control, providing a foundation for future studies to refine and expand on these findings.
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